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Abstract. Using homological perturbation theory, we develop a formal version of the
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1. Introduction
The Kuranishi map (see Section 5 below) provides a parametrization of a neighborhood of
a point of the base of a Kodaira-Spencer deformation by a neighborhood of 0 in the tangent
space to the base at that point. In [HS02], prompted by [BK98], J. Stasheff and I developed a
universal solution for the deformation equation, referred to there as “master equation”; that
universal solution is phrased as a Lie algebra valued twisting cochain. In Theorem 5.1 below
I show that that solution recovers a formal version of the Kuranishi map parametrization.
Lurking behind this observation is, for a general deformation problem controlled by some
differential graded Lie algebra, a general formal construction of the miniversal deformation. I
shall explain this elsewhere. Suffice it to mention here that according to a paradigm adopted
by Deligne, Drinfeld, Quillen and others, any deformation theory problem in characteristic
zero is controlled by a differential graded Lie algebra, unique up to homotopy equivalence
of differential graded Lie algebras, in fact, up to L∞-equivalence. See also [Hue99, Section
5]. For a detailed account of deformation theory, see, e.g., [HG88]. In the present paper,
the various uses of the attribute “formal” (formal miniversal deformation, formal geometry,
formal map, formal power series, formal Lie algebra) all reduce to the same mathematical
notion, that is, to that of a morphism between certain cocommutative coalgebras.
It is a pleasure to dedicate this paper to Tornike Kadeishvili. In [Hue99] I pointed out that
there is an intimate relationship between Berikashvili’s functor D and deformation theory. In
particular, cf. [Hue99, Section 5], there is a striking similarity between Berikashvili’s functor
D and a certain functor written in the literature as Defg for a differential graded Lie algebra
g. Here I explain a small aspect of that relationship. Also, working out the connections with
[Sta78, SS12] would be an exceedingly attractive project.
2. Conventions
The base field F has characteristic zero. Following a suggestion of J. C. Moore, we take
graded objects to be externally graded [Mac67, VI.2], that is, rather than taking direct sums,
we work with the homogeneous constituents themselves. An F-chain complex is a Z-graded
F-vector space C = {Cj}j∈Z together with a homogeneous square zero operator d of degree
−1. We denote the de Rham functor by A. We denote by s the suspension operator in the
category of F-chain complexes. Thus, for an F-chain complex C = {Cj}j∈Z, the suspended
chain complex sC has (sC)j+1 = Cj (j ∈ Z), and the identity ds + sd = 0 characterizes
the differential on sC. We denote the counit of an F-coalgebra C by ε : C → F, and we use
the same notation for the identity morphism on an object as for the object itself. Given a
map f : X → Y , we use the standard notation f |Z for the restriction of f to a subobject Z
of X. We denote the symmetric F-algebra on an F-vector space W by S[W ]. We freely use
standard homological perturbation terminology such as contractions etc. The reader can find
details in [HK91, HS02, Hue10, Hue11a, Hue11b, Hue11c]. Among the classical references
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are [EML53, EML54, Bro65, Gug72, Gug82]. We denote by C[g] the classifying coalgebra or,
equivalently, Cartan-Chevalley-Eilenberg coalgebra, associated with a differential graded Lie
algebra g.
3. Some formal geometry
We use the term “formal geometry” in the sense of [GF70, GK71, Kon03]. That use relates
to that in the sense of Grothendieck’s Bourbaki talk in May 1959 [Gro95] and to that of
his school, see, e.g., [Har77] and the references there. Working out the precise relationship
would be an attractive endeavor. Suffice it to mention here the following: The operation of
completion leads to the notion of formal scheme [Har77, II.9 p. 190]; Grothendieck’s Theorem
on formal functions [Gro61, The´ore`me (4.1.5)], [Har77, III Theorem 11.1 p. 277] involves this
operation of completion; and the operation of completion admits a description in terms of an
associated symmetric coalgebra, the basic object on which the notion of formal function we
use below relies.
3.1. Symmetric coalgebra. We take the symmetric F-coalgebra functor Sc from the cate-
gory of F-vector spaces to that of cocomplete coaugmented cocommutative F-coalgebras to be
the right adjoint to the obvious forgetful functor from the category of cocomplete coaugmented
cocommutative F-coalgebras to that of F-vector spaces. We comment on the terminology in
Remark 5.3 below.
Let U be an F-vector space. We denote by πU : S
c[U ]→ U the evaluation at U of the counit
of the adjunction, and we refer to πU as the cogenerating morphism of S
c[U ]; the functor Sc
being right adjoint to the forgetful function spelled out above expresses the universal property
of the symmetric F-coalgebra Sc[U ] cogenerated by U , more precisely, the universal property
of the cogenerating morphism of Sc[U ]. The symmetric F-coalgebra Sc[U ] arises from the
corresponding cocomplete coaugmented cocommutative graded F-coalgebra {Scj[U ]}j∈N. With
the standard conventions Sc0[U ] = F and S
c
1[U ] = U , and we refer, for j ≥ 0, to S
c
j[U ] as the j-th
symmetric copower of U . For ℓ ≥ 0, let Sc≤ℓ[U ] ⊆ S
c[U ] denote the coaugmentation filtration
degree ℓ constituent of Sc[U ]; it acquires itself a cocomplete coaugmented cocommutative
F-coalgebra structure in such a way that the composite of the injection Sc≤ℓ[U ] ⊆ S
c[U ] with
the cogenerating morphism of Sc[U ] yields a cogenerating morphism for Sc≤ℓ[U ].
The operation of addition on U induces a multiplication map on Sc[U ] that turns Sc[U ] into
a commutative and cocommutative F-bialgebra, and multiplication by −1 on U yields an an-
tipode such that Sc[U ] becomes an F-Hopf algebra. Since the ground field F has characteristic
zero, the canonical morphism
can : S[U ] −→ Sc[U ] (3.1)
defined on the symmetric F-algebra S[U ], endowed with its classical F-Hopf algebra structure,
is an isomorphism of F-Hopf algebras. The Hopf algebra Sc[U ] is canonically isomorphic to
the divided power Hopf algebra generated by U . For reference in Subsections 3.2 and 5.3
below, we recall some of the details:
Let B denote an F-basis of U . The choice of B determines an isomorphism from the poly-
nomial algebra F[B] on B onto the symmetric algebra S[U ]. The divided power Hopf algebra
Γ[B] on B is the commutative and cocommutative F-Hopf algebra having algebra genera-
tors γj(b) (j ≥ 1), as b ranges over B, subject to the relations γj(b)γk(b) =
(
j+k
j
)
γj+k(b)
(j, k ≥ 0), where γ0(b) = 1. The formula ∆(γn(b)) =
∑
j+k=n γj(b)⊗ γk(b) (n ≥ 0) character-
izes the diagonal map of Γ[B]. The composite of the canonical F-Hopf algebra isomorphism
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Γ[B]→ S[U ] with (3.1) is an isomorphism of F-Hopf algebras. Hence the F-coalgebra that un-
derlies Γ[B] yields a somewhat more concrete realization of Sc[U ]. We postpone more details
to the appendix.
3.2. Formal functions. We maintain the notation U for an F-vector space. The F-algebra
Hom(Sc[U ],F) dual to the symmetric coalgebra Sc[U ] cogenerated by U is the F-algebra of
formal functions on U or, equivalently, the completion of the symmetric F-algebra S[U∗] on the
F-dual U∗ with respect to the filtration of S[U∗] associated with the canonical augmentation
map ε : S[U∗] → F of S[U∗]. The coaugmentation map η : F → Sc[U ] of Sc[U ] induces an
augmentation map of the F-algebra Hom(Sc[U ],F), and we also denote this augmentation
map by ε : Hom(Sc[U ],F) → F. For intelligibility we note that, relative to a basis of U , the
symmetric F-algebra S[U∗] on U∗ comes down to the polynomial algebra in the corresponding
coordinate functions and the F-algebra of formal functions to the algebra of formal power
series in the coordinate functions: Suppose for simplicity that U is finite-dimensional, choose
an F-basis b1, . . . , bn of U , and write zj for the corresponding coordinate functions on U
determined by 〈zj , bk〉 = δj,k (1 ≤ j, k ≤ n). A formal power series
∑
ajz
j1
1 . . . z
jn
n in the
variables z1, . . . , zn with coefficients aj ∈ F determines the F-linear map
Sc[U ] −→ F, γj1(b1) · . . . · . . . γjn(bn) 7−→ aj, (3.2)
and every such F-linear map arises in this way from a unique formal power series.
3.3. Formal maps. Let U and W be F-vector spaces, and let ℓ ≥ 0. Below we use the
notation (f [0], . . . , f [ℓ]) : Sc≤ℓ[U ] → W for a linear map S
c
≤ℓ[U ] → W having homogeneous
constituents f [j] : Scj[U ]→W .
The assignment to v ∈ U of (1, v, v ⊗ v, . . . , v⊗ℓ) ∈ Sc≤ℓ[U ] yields a map from U to S
c
ℓ[U ],
and we denote this map by can : U → Scℓ[U ]. We define an algebraic map f : U → W of degree
≤ ℓ to be a map which arises as the composite
U
can
// Sc≤ℓ[U ]
(f [0],...,f [ℓ])
// W (3.3)
of can : U → Sc≤ℓ[U ] with a linear map (f
[0], . . . , f [ℓ]) : Sc≤ℓ[U ] → W . An algebraic map from
U to W is then a map which is an algebraic map of some degree ≤ ℓ.
Remark 3.1. The terminology “algebraic map” is that in [CR87, §80C]; that in [Dol72],
[EML54, §9] is “map of finite degree”; the descriptions in these references do not involve the
symmetric coalgebra, however.
Choose an F-basis b1, . . . , bj , . . . of U and write zj for the corresponding coordinate function
on U determined by 〈zj , bk〉 = δj,k. A map f : U → W is an algebraic map of degree ≤ ℓ if
and only if, for some s ≤ ℓ, there is a unique W -valued polynomial q in s variables of degree
≤ ℓ such that f(z1b1 + . . . + zsbs) = q(z1, . . . , zs). The derivative and the higher derivatives
of an algebraic map make sense algebraically, and hence the Taylor coefficients 1
j!f
(j)
o of an
algebraic map f at the origin are available. For j ≥ 1, under the degree j constituent
Sj[U ] −→ Scj[U ], (3.4)
of the canonical isomorphism (3.1), the Taylor coefficient 1
j!f
(j)
o of an algebraic map f at the
origin goes to the constituent f [j].
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We define a formal map from U to W to be an F-linear map Sc[U ] → W . An algebraic
map from U to W is, then, a formal map Sc[U ] → W that is zero on all but finitely many
homogeneous constituents of Sc[U ]. Relative to a basis of U , a formal map from U to W
has the form of a formal power series in the coordinate functions dual to that basis, with
coefficients from W , and the algebraic functions then amount to the formal power series that
are actually algebraic.
3.4. Coaffine coalgebras. Recall that an affine F-algebra is a finitely generated commuta-
tive F-algebra, cf., e.g., [Har77, Kun13]. In other words, an affine F-algebra can be written
as a quotient algebra of the symmetric F-algebra S[W ] on a finite-dimensional F-vector space
W . In particular, an affine F-algebra A isomorphic to S[W ] characterizes the affine F-space
having W as its associated vector space, and an explicit isomorphism between A and S[W ]
then amounts to introducing a coordinate system on W . More generally, an affine F-algebra
A characterizes an algebraic set, and an isomorphism A ∼= S[W ]/I for some ideal I yields
a coordinate ring for that algebraic set. Furthermore, an epimorphism or, equivalently, an
augmentation map A → F corresponds to a point of that algebraic set. For example, the
standard augmentation map S[W ]→ F corresponds to the origin of W .
Accordingly, we define an F-coalgebra C to be coaffine if, for some F-vector space W of
finite dimension, the coalgebra C embeds, as an F-coalgebra, into the symmetric F-coalgebra
Sc[W ] cogenerated by W . Such an embedding yields the analogue of a coordinate ring. For
a coaffine coalgebra C, a coaugmentation map η : F→ C is the analogue of a point.
Consider a finite-dimensional F-vector space W . The symmetric F-coalgebra Sc[W ] cogen-
erated by W has a single coaugmentation, the canonical coaugmentation map η : F→ Sc[W ].
Indeed, the canonical coaugmentation map η : F→ Sc[W ] induces the canonical augmentation
map ε : Hom(Sc[W ],F) → F, and this is the only augmentation map of Hom(Sc[W ],F). The
algebra F[W ] = S[W ∗] is the coordinate algebra F[W ] = S[W ∗] of W and admits a canonical
augmentation map ε : S[W ∗]→ F , and Hom(Sc[W ],F) is canonically isomorphic to the com-
pletion of F[W ] relative to the augmentation filtration with respect to ε. After a choice of
basis b1, . . . , bn ofW , the algebra S[W
∗] comes down to the polynomial algebra F[z1, . . . , zn] in
the coordinates z1, . . . , zn dual to the basis and Hom(S
c[W ],F) to the algebra F[[z1, . . . , zn]]
of formal power series in z1, . . . , zn. While a vector q = (q1, . . . , qn) of W determines the
augmentation map
εq : S[W
∗] −→ F, zj 7−→ qj,
since F[[z1, . . . , zn]] is a (complete) local ring, the augmentation map εq does not extend to
Hom(Sc[W ],F) unless (q1, . . . , qn) is the origin of W . Thus a coaffine coalgebra admits at
most one point.
3.5. Formal maps on F-varieties. Consider two finite-dimensional F-vector spaces U and
W and view U and W as affine F-varieties, cf. [Har77, Kun13]. An algebraic map f : U → W
is then simply a morphism in the category of F-varieties.
Consider an affine F-variety V ⊆ U , let A[V] denote its coordinate ring, recall that S[U∗]
is the coordinate ring of U , write A[V] as A[V] ∼= S[U∗]/IV , choose a finite set of generators
of the vanishing ideal IV of V, let V denote the F-vector space whose dual V
∗ has those
generators as its basis and, accordingly, write A[V] as the cokernel of the resulting F-linear
map ϑ : S[U∗] ⊗ V ∗ → S[U∗] so that, relative to the obvious S[U∗]-module structures on
S[U∗]⊗ V ∗ and S[U∗],
S[U∗]⊗ V ∗
ϑ
−→ S[U∗] −→ A[V] −→ 0 (3.5)
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is an exact sequence in the category of S[U∗]-modules. Since U and V are finite-dimensional,
the morphism ϑ : S[U∗] ⊗ V ∗ → S[U∗] of S[U∗]-modules arises, with respect to the obvious
Sc[U ]-comodule structures on Sc[U ] ⊗ V and Sc[U ], from a uniquely determined morphism
ψ : Sc[U ]→ Sc[U ] ⊗ V of Sc[U ]-coalgebras. Indeed, the chosen finite set y1, . . . , yℓ ∈ S[U
∗] of
generators of IV induces an F-linear map y : S
c[U ]→ V = Fℓ, and ψ arises as the composite
Sc[U ]
∆
// Sc[U ]⊗ Sc[U ]
Sc[U ]⊗y
// Sc[U ]⊗ V.
Define the Sc[U ]-comodule C[V] by requiring that
Sc[U ]⊗ V
ψ
←− Sc[U ]←− C[V]←− 0 (3.6)
be an exact sequence of Sc[U ]-comodules. The Sc[U ]-comodule structure of C[V] passes to a
cocommutative F-coalgebra structure on C[V]. The resulting F-coalgebra C[V] is manifestly
coaffine. We refer to C[V] as the coordinate coalgebra of V.
Suppose that the origin 0 of U belongs to V. Then the coaugmentation map η : F→ Sc[U ]
factors through a coaugmentation map ηV : F→ C[V], and the F-algebra Hom(C[V],F) is
canonically isomorphic to the completion Ô0 of the local ring O0 of 0 on V, cf., e.g., [Har77,
I.3 p. 16], [Kun13, p. 71]. (The hypothesis in [Har77] that the ground field be algebraically
closed is irrelevant at this point. In standard algebraic geometry, the algebraic closedness of
the ground field is needed to ensure that the familiar association to a variety of its annihila-
tion ideal induces not only an injection into but in fact a bijection onto the family of radical
ideals.) The subalgebra of Hom(C[V],F) that consists of the F-linear maps arising as restric-
tions of F-linear maps Sc[U ]→ F which are non-zero on at most finitely many homogeneous
constituents Scj[U ] (j ≥ 0) of S
c[U ] recovers the coordinate ring A[V] of V. Since the origin of
U belongs to V, the standard augmentation map of S[U∗] factors through an augmentation
map εV : A[V]→ F, and the F-algebra Hom(S
c[U ],F) ∼= Ô0 is canonically isomorphic to the
completion of A[V] relative to the augmentation filtration. The affine F-variety V being con-
sidered as an abstract variety (i.e., independently of the embedding into U), by introducing
suitable coordinates we can, of course, arrange for any point of V to be the origin with respect
to an embedding of V into U .
We define a formal map f : V → W to be an F-linear map C[V] → W . Let W ⊆ W
be an F-variety. More generally, we define a formal map f : V → W to be a formal map
f : V → W , i.e., an F-linear map C[V] → W , that has the property that the values of the
induced morphism C[V]→ Sc[W ] of F-coalgebras lie in C[W] ⊆ Sc[W ].
It is manifest that any formal map f : V → W arises as the restriction of an F-linear
map Sc[U ]→W . A formal map f : V → W corresponds to an ordinary morphism V → W of
algebraic F-varieties if and only if f arises from an F-linear map Sc[U ]→W which is non-zero
on at most finitely many homogeneous constituents Scj[U ] (j ≥ 0) of S
c[U ].
4. Generalities on differential graded Lie algebras and deformations
4.1. Setting. Consider a differential graded F-Lie algebra g that is non-positive in the sense
that gj is zero for j > 0.
Example 4.1 (Kodaira-Spencer Lie algebra). See [KNS58, KS58]. Take F to be the field C
of complex numbers, consider a complex manifold M , let τM denote the holomorphic tangent
bundle of M , let ∂ be the corresponding Dolbeault operator, and let g = (A(0,∗)(M, τM ), ∂)
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be the Kodaira-Spencer algebra of M , endowed with the homological grading
g0 = A
(0,0)(M, τM ), g−1 = A
(0,1)(M, τM ), g−2 = A
(0,2)(M, τM ), etc. (4.1)
Thus, with our convention on degrees, H∗(g) = H
−∗(M, τM ), the cohomology of M with
values in the sheaf of germs of holomorphic vector fields.
Remark 4.2. The deformation theory of twilled Lie-Rinehart algebras [Hue98, Hue00] leads
to a generalization of the Kodaira-Spencer algebra. Details are yet to be worked out.
A similar differential graded Lie algebra also controls deformations of other mathematical
objects such as those of algebras, of complex manifolds, of germs of complex hypersurfaces,
of singularities, of representations of discrete groups, of flat vector bundles, of commutative
algebras, of rational homotopy types [Sta78, SS12], etc.
Let
(H(g)
∇
−−−−→
←−−−−
π
g, h) (4.2)
be a contraction of F-chain complexes, and let H = ker(h)∩ker(d) = ∇H(g). Then, for j ≤ 0,
the degree j constituent gj decomposes as
g0 = H0 ⊕ h(dg0), gj = dgj+1 ⊕Hj ⊕ h(dgj), for j < 0. (4.3)
In the situation of Example 4.1, (4.3) plays the role of a Hodge decomposition. On p. 19 of
[NR66], Nijenhuis and Richardson indeed refer to a decomposition of the kind (4.3) (not using
the language of homological perturbation theory) as a “Hodge decomposition”.
4.2. Universal solution of the deformation equation [HS02, Theorem 2.7]. For ease of
exposition, we recall that solution; see also [Hue11a, Theorem 1] for a detailed proof of [HS02,
Theorem 2.7].
Consider the graded symmetric coalgebra Sc[sH(g)] on sH(g) which underlies the classifying
coalgebra C[H(g)] of the graded Lie algebra H(g), let τH(g) : S
c[sH(g)]→ H(g) be the universal
twisting cochain of H(g), and let τ1 denote the composite
τ1 : S
c[sH(g)]
τH(g)
−→ H(g)
∇
−→ g;
for consistency of the exposition, let D1 = 0: S
c[sH(g)] → Sc[sH(g)], and denote the or-
dinary differential of the classifying coalgebra C[H(g)] of H(g) (Cartan-Chevalley-Eilenberg
differential) by D1 : Sc[sH(g)]→ Sc[sH(g)].
The universal twisting cochain τH(g) of H(g) and hence the morphism τ1, both defined on
Sc[sH(g)], are non-zero only on the homogeneous degree 1 constituent Sc1[sH(g)](= sH(g)) of
Sc[sH(g)]. Define the family {τ ℓ : Scℓ[sH(g)]→ g}ℓ≥2 of F-linear maps recursively by
τ ℓ =
1
2
h([τ1, τ b−1] + · · · + [τ b−1, τ1]) (4.4)
and, for ℓ ≥ 2, let Dℓ−1 be the coderivation of Sc[sH(g)] that the identity
τH(g)D
ℓ−1 =
1
2
π([τ1, τ ℓ−1] + · · ·+ [τ ℓ−1, τ1]) : Scℓ[sH(g)]→ H(g) (4.5)
characterizes.
Since the values of τ1 = τ
1 lie in the cycles of g, for ℓ = 2, the formula (4.5) reproduces the
ordinary differential of the classifying coalgebra of H(g), that is, the operator D1 coincides
with that differential, and there is no conflict of notation. Recall that, for a filtered chain
complex X, a perturbation of the differential d on X is a homogeneous operator ∂ on X of
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degree −1 that lowers filtration such that the operator d+ ∂ has square zero, i.e., is itself a
differential on X. For later refence, we spell out the following; see [HS02, Theorem 2.7] for
more details.
Proposition 4.3. (i) The infinite sum
D = D1 +D2 + . . . (4.6)
converges (naively, that is, when the sum is applied to an element, only finitely many
terms are non-zero) and yields a coalgebra differential on Sc[sH(g)] so that, relative to the
coaugmentation filtration, D2 + . . . is a perturbation of the Lie algebra homology operator
D1 on C[H(g)]; the infinite sum τ1 + τ2 + . . . converges and yields a Lie algebra twisting
cochain
τ = τ1 + τ
2 + . . . : ScD[sH(g)]→ g (4.7)
such that
πτ = τH(g) : S
c[sH(g)] −→ H(g), (4.8)
hτ = 0; (4.9)
and τ and D are natural in the contraction (4.2).
(ii) The adjoint τ : ScD[sH(g)] → C[g] of the Lie algebra twisting cochain τ : S
c
D[sH(g)] → C[g],
necessarily a morphism of coaugmented differential graded coalgebras, extends to a contrac-
tion (
ScD[sH(g)]
τ
−−−−→
←−−−−
Π
C[g],H
)
(4.10)
of chain complexes which is natural in terms of the data.
(iii) The adjoint τ : ScD[sH(g)] → C[g] of the Lie algebra twisting cochain τ induces an isomor-
phism on homology.
(iv) If π[τ j , τk] = 0 for j + k > 2, that is, if [τ j , τk] : Sc[sH(g)] → g does not hit the summand
H for j + k > 2, the operators Dℓ are zero for ℓ ≥ 2, that is, the differential graded Lie
algebra g is formal in the sense that it is L∞-equivalent to its homology Lie algebra. 
The Lie algebra twisting cochain (4.7), viewed as an element of the differential graded
Lie algebra L = Hom(ScD[sH(g)], g), is the universal solution of the deformation equation
constructed in [HS02, Theorem 2.7].
4.3. Postnikov tower. For k ≤ 0, let g(k) be the differential graded Lie ideal in g which has
g
(k)
j = 0 for k < j ≤ 0, g
(k)
k = h(dgk), and g
(k)
j = gj for j < k, and consider the differential
graded quotient Lie algebra
g(k) = g
/
g(k).
As a chain complex, g(k) has g(k)j = gj for k < j ≤ 0 and g(k)k = dgk+1 ⊕Hk. As k varies,
this construction yields a tower
· · · −→ g(−k − 1) −→ g(−k) −→ · · · −→ g(−2) −→ g(−1) −→ g(0) = H0 = H0(g)
of differential graded Lie algebras, and g is canonically isomorphic to the projective limit
of this tower. Since in ordinary rational homotopy theory, a tower of this kind recovers a
Postnikov system, we refer to this tower as the Postnikov tower of g.
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4.4. Associated reduced differential graded Lie algebra. We say that a differential
graded Lie algebra g is reduced when gj is trivial for j ≥ 0. To any differential graded Lie alge-
bra g, the following procedure assigns a reduced differential graded Lie algebra g˜ = (g˜−1, g˜−2),
cf., e.g., [GM90a], (but this observation was known before, e.g., to R. Hain). In degree −1,
let g˜−1 be a complement in g−1 of the boundaries dg0 ⊆ g−1 and, for j ≤ −2, let g˜j = gj .
Furthermore, define the differential and the graded bracket on g˜ by restriction. This yields a
differential graded Lie algebra g˜; the degree −1 constituent g˜−1 depends also on the choice of
complement of the boundaries dg0.
4.5. Differential graded Lie algebras concentrated in degrees −1 and −2. For any
non-positive differential graded Lie algebra g, together with a contraction of the kind (4.2),
setting k = g˜(−2) we obtain a differential graded Lie algebra concentrated only in degrees −1
and −2.
Let k be a differential graded Lie algebra over F concentrated only in degrees −1 and −2.
Let V = sk be its suspension in the category of F-chain complexes, and let d denote the
differential on V that arises as the suspension of the differential of k. Thus V is concentrated
in degrees 0 and −1. Let
(H(k)
∇
−−−−→
←−−−−
π
k, h) (4.11)
be a contraction, write v = sH(k) and, with an abuse of notation, let
(v
∇
−−−−→
←−−−−
π
V, h) (4.12)
be the induced contraction. Thus v0 = ker(d) and v−1 = coker(d), and A0 = hdV0 is a
complement of v0 in V0 and B−1 = dV0 one of v−1 in V−1 such that the restriction of d to A0
is a linear isomorphism from A0 onto B−1 whose inverse is given by h. Further, the composite
hd is the projection from V0 onto A0, and the composite dh is the projection from V−1 onto
B−1.
The graded Lie bracket of k corresponds to a homogeneous quadratic map q : V0 → V−1
and is in fact determined by such a map. Here q being homogeneous quadratic means that
there is a linear map Q : Sc2[V0]→ V−1 such that q is the composite
V0 −→ S
c
2[V0]
Q
−→ V−1,
the unlabelled arrow being the canonical map from V0 into its second symmetric copower
Sc2[V0]. With a slight abuse of notation, we write the resulting map from S
c[V0] to V−1 which
arises the composite with the projection from Sc[V0] to S
c
2[V0] still as
Q : Sc[V0]
proj
−→ Sc2[V0]
Q
−→ V−1.
Relative to the decomposition V−1 = B−1 ⊕ v−1, the quadratic map q and the linear map Q
have the form
q = (qB , qv) : V0 −→ V−1, Q = (QB , Qv) : S
c[V0] −→ V−1. (4.13)
With reference to a basis b1, b2, . . . of V0 and corresponding coordinate functions zj determined
by 〈zj , bk〉 = δj,k, we can write the quadratic map q in the form
q(zk1bk1 + · · ·+ zknbkn) =
∑
akjz
2
kj
+
∑
aα,βzkαzkβ ,
for suitable coefficients akj , aα,β ∈ V−1.
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The differential d on V induces a coalgebra differential on the graded symmetric coalgebra
Sc[V ] and, with an abuse of notation, we write this differential as d. As a graded coalgebra,
Sc[V ] = Sc[V0] ⊗ Λ
c[V−1], the tensor product of the ordinary symmetric coalgebra S
c[V0] on
the degree zero constituent V0 of V with the ordinary exterior coalgebra Λ
c[V−1] on the degree
−1 constituent V−1 of V . We note that, by construction, the coalgebra S
c[V0] is concentrated
in homological degree zero. The contraction (4.12) induces a coalgebra contraction
(Sc[v]
Sc[∇]
−−−−−→
←−−−−
Sc[π]
(Sc[V ], d),Sc[h]); (4.14)
here the induced morphisms Sc[∇] and Sc[π] are morphisms of differential graded coalgebras,
the graded symmetric coalgebra Sc[v] has zero differential, and the operator Sc[h] arises from
the corresponding operator Tc[h] on the differential graded tensor coalgebra Tc[V ] by sym-
metrization. In particular, Sc[∇] induces an isomorphism Sc[v] → H∗(S
c[V ], d) of coalgebras
or, equivalently, Sc[π] induces an isomorphism H∗(S
c[V ], d)→ Sc[v] of coalgebras.
Requiring that the diagram
Sc[V0]
∂
−−−−→ Sc[V ]
Q
y ycanproj
V−1
inclusion
−−−−−→ V
be commutative determines a coalgebra perturbation
∂ : Sc[V ] −→ Sc[V ] (4.15)
of the coalgebra differential d on Sc[V ], and the perturbed differential graded coalgebra
(Sc[V ], d+ ∂) yields the classifying coalgebra C[k] of k.
In the same vein, the components QB and Qv of Q determine coalgebra perturbations
∂B , ∂v : S
c[V ] → Sc[V ] of the coalgebra differential d on Sc[V ], and ∂ = ∂B + ∂v. Let ka be
the differential graded Lie algebra having the same underlying chain complex as k but having
Lie bracket determined by QB only, that is, the component into H−2 = ∇(H(k)) = s
−1(v) of
the graded bracket is zero. Equivalently, requiring that the classifying coalgebra C[ka] of ka
be (Sc[V ], d+ ∂B) determines ka.
4.6. Applying the universal solution of the deformation equation. Let D : Sc[v] →
Sc[v] denote the coalgebra differential (4.6) on Sc[v] which results from applying the con-
struction in Proposition 4.3(i) to the contraction (4.11) and perturbation ∂ = ∂B + ∂v.
Proposition 4.4. (i) Applying the construction in Proposition 4.3(i) to the contraction (4.11)
and perturbation ∂B of the coalgebra differential d of S
c[V ] yields the zero coalgebra differ-
ential on Sc[v] and, furthermore, a twisting cochain
τ : Sc[v] −→ ka. (4.16)
(ii) As a morphism of degree −1 from Sc[v] to ka = k (viewed as a graded vector space), (4.16)
coincides with the twisting cochain
ScD[v] −→ k (4.17)
resulting from applying the construction in Proposition 4.3 (i) to the contraction (4.11) and
perturbation ∂ = ∂B + ∂v.
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Proof. This follows at once from the recursive description (4.5) of the terms of the perturbed
differential on Sc[v] since the values of the graded Lie bracket of ka are boundaries and from
the recursive description (4.4) of the two twisting cochains under consideration since the
homotopy operators on k and ka (written as h) are the same. 
Thus perturbing the coalgebra differential d on Sc[V ] by means of ∂B yields a degree −1
morphism τ : Sc[v] −→ k that is, relative to the zero differential on Sc[v], a twisting cochain
with values in ka, and perturbing further by means of the operator ∂v yields the in general
non-trivial coalgebra differential D on Sc[v] but does not change the twisting cochain τ in the
sense that τ is as well a twisting cochain ScD[v] −→ k. In particular, the graded Lie algebra
H(ka) is abelian.
Proposition 4.5. The differential graded Lie algebra ka is formal in the sense that it is L∞-
equivalent to its homology Lie algebra. Moreover, besides the adjoint τ : Sc[v] → Scd+∂B [V ] =
C[ka] of τ being a morphism of differential graded coalgebras inducing an isomorphism on
homology,
Sc[π] : C[ka] = S
c
d+∂B
[V ] −→ Sc[v] (4.18)
is a morphism of differential graded coalgebras as well which induces as isomorphism on
homology, Sc[v] being endowed with the zero differential and hence being equal to its homology.
Furthermore, Sc[π] ◦ τ = IdSc[v]. Finally, the injection τ is compatible with the perturbations
D and ∂ as well, that is to say, is a morphism
τ : ScD[v] −→ S
c
d+∂[V ] = C[k] (4.19)
of differential graded coalgebras as well.
Proof. In the corresponding contraction (H(ka)
∇
−−−−→
←−−−−
π
ka, h), cf. (4.11), the projection π is
compatible with the Lie brackets. This implies the first two assertions. Inspection shows that
τ is compatible with the perturbations D and ∂ as well. Furthermore, the composite
τH(ka) ◦ S
c[π] ◦ τ : Sc[v] −→ H(ka)
equals τH(ka) whence S
c[π] ◦ τ is the identity of Sc[v] and thence τ is a section for Sc[π]. In
particular, the corresponding contraction (4.10) for ka has the form
(Sc[v]
τ
−−−−→
←−−−−
Sc[π]
Scd+∂B [V ], h), (4.20)
with the additional property that Sc[π] is a morphism of differential graded coalgebras as
well. 
5. Formal inverse of the Kuranishi projection
As before, k denotes a differential graded F-Lie algebra concentrated in degrees −1 and −2,
the notation V refers to the suspension sk of k as a chain complex, and we argue in terms of
a contraction of the kind (4.12). Thus v0 = ker(d), v−1 = coker(d), A0 = hdV0, B−1 = dV0,
so that
V0 = v0 ⊕A0, V−1 = B−1 ⊕ v−1
in such a way that the restriction of d to A0 is a linear isomorphism from A0 onto B−1,
and the restriction of h to B−1 yields the inverse thereof. Further, the composite hd is the
projection from V0 onto A0, and the composite dh is the projection from V−1 onto B−1.
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5.1. Kuranishi map. Consider the map
J = d+ q = (d+ qB, qv) : V0 −→ V−1 = B−1 × v−1. (5.1)
Let Mk ⊆ V0 be the non-singular F-variety that consists of all x = (x1, x2) ∈ V0 = v0 ⊕ A0
satisfying the equation x2 + h(qB(x)) = 0. The origin 0 of V0 lies in Mk. Since, for x =
(x1, x2) ∈ V0 = v0 ⊕A0,
(d+ qB)(x1, x2) = d(x2) + qB(x1, x2) ∈ B−1
is zero if and only if
hd(x2) + hqB(x1, x2) = x2 + hqB(x1, x2)
is zero, the zero locus Vk = J
−1(0) ⊆ V0, an F-subvariety of V0, not necessarily non-singular,
lies in Mk as the subvariety
Vk = (qv|Mk)
−1(0) ⊆Mk. (5.2)
The expression
F (x1, x2) = (x1, x2) + h(qB(x1, x2)), x1 ∈ v0, x2 ∈ A0. (5.3)
characterizes an algebraic map F : V0 → V0, i.e., a morphism of F-varieties, the equation
x2 = 0 characterizes the (algebraic) tangent space T0Mk toMk at 0 and, since the projection
V0 → v0 is an algebraic map, the restriction of F to Mk is the projection from Mk onto the
tangent space T0Mk = v0 ⊆ V0 to Mk at 0, necessarily an algebraic map.
We recall the classical situation [Kur62, Kur71], see also [AMM81, AHS78, GM90a, Hue95,
Hue96b, Hue96a]. Now the base field F is that of the reals or that of the complex numbers,
Mk is a smooth manifold, and F is the ordinary Kuranishi map. In an open neighborhood
N of 0 in the tangent space T0Mk = v0, the inverse ι : N → Mk of the projection to the
tangent space at the origin then exists as an analytic map and parametrizes a neighborhood
U of 0 inMk in the sense that ι : N → U is an analytic isomorphism onto U ⊆Mk. With the
notation Kk = pr(U ∩ J
−1(0)) ⊆ v0 for the image in v0 of the intersection U ∩ J
−1(0) ⊆Mk,
the restriction of ι yields, furthermore, a homeomorphism
ι|Kk : Kk −→ Vk, (5.4)
indeed, an isomorphism of (germs of) analytic spaces. The reader can find more details on
analytic spaces in [Nar66], [GR84] (where the terminology is “complex spaces”) and in the
references there. Extending terminology in [GM90b], we refer to Kk as the Kuranishi space
associated with the data. In the situation of the Kodaira-Spencer Lie algebra, see Example
4.1 above, the main result of [Kur62], see also [Kur71], says that the Kuranishi space is the
base for the miniversal deformation of the complex structure of the underlying smooth real
manifold.
5.2. Formal inverse. Now we show that, over a general field F of characteristic zero, for
a general differential graded F-Lie algebra of the kind k under discussion, the inverse of the
projection from the non-singular F-variety Mk to its tangent space at the origin still makes
sense on the formal level.
The Kuranishi map is manifestly an algebraic map and hence a formal map from V0 to V0.
Consequently the projection from Mk to its tangent space at the origin is an algebraic map
and hence a formal map.
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The homology coalgebra H0(S
c
d+∂B
[V ]) ⊆ Sc[V0] is canonically isomorphic to the coordinate
coalgebra C[Mk] of the non-singular F-variety Mk ⊆ V0, and the restriction of the projection
Sc[π] : Sc[V0] −→ S
c[v0] to C[Mk] ⊆ S
c[V0], that is, the composite
Sc[π]∗ : C[Mk] ⊆ S
c[V0]
Sc[π]
−→ Sc[v0], (5.5)
is the formal map associated with the projection fromMk to its tangent space v0 at the origin.
This composite is indeed the morphism of coalgebras that the morphism Sc[π] of differential
graded coalgebras induces on degree zero homology, whence the notation Sc[π]∗. Likewise,
the homology coalgebra H0(S
c
d+∂ [V ]) ⊆ S
c[V0] is canonically isomorphic to the coordinate
coalgebra C[Vk] of the F-variety Vk ⊆Mk ⊆ V0 in such a way that the injection C[Vk] ⊆ S
c[V0]
of the coordinate coalgebra C[Vk] of Vk into S
c[V0] factors as C[Vk] ⊆ C[Mk] ⊆ S
c[V0]. We
define the Kuranishi coalgebra associated with k and the contraction (4.11) to be the F-
coalgebra Ck = H0(S
c
D[v]) ⊆ S
c[v0]. The Kuranishi coalgebra associated with k and the
contraction (4.11) is the formal analogue of the Kuranishi space Kk, cf. Subsection 5.1 above.
Theorem 5.1. The constituent
τ : Sc[v0] −→ C[Mk] ⊆ S
c[V0] (5.6)
of the adjoint τ of the twisting cochain τ : Sc[v] → k, cf. (4.16), is the inverse of (5.5),
and (5.6) and (5.5) are mutually inverse isomorphisms of coalgebras. In other words: The
morphism (5.6) of coalgebras is the formal inverse of the projection from Mk to its tangent
space v0 at the origin. This formal inverse restricts to an isomorphism
τ : Ck −→ C[Vk] ⊆ S
c[V0] (5.7)
of F-coalgebras.
Proof. This results form the contraction (4.20) or, equivalently, from Proposition 4.5. 
The F-coalgebra isomorphism (5.7) is the formal analogue of (5.4) above. We shall explain
elsewhere how we can interpret the universal solution τ of the deformation equation as a
formal miniversal deformation.
5.3. Heuristic interpretation. We can somewhat loosely interpret the definition of the
Kuranishi coalgebra by saying that the Kuranishi coalgebra Ck of k defines a formal F-variety
Kk ⊆ v0 having Ck as its coordinate coalgebra C[Kk]. Indeed, in a sense, the operator D yields
equations defining the formal Kuranishi space Kk as a formal variety in v0.
Somewhat more explicitly: Suppose that v0 and v−1 are finite-dimensional, and let m =
dimv−1. The graded symmetric coalgebra S
c[v] has
(Sc[v])−j = S
c[v0]⊗ Λ
j[v−1], 0 ≤ j ≤ m, (5.8)
whence (Sc[v])0 = S
c[v0] and (S
c[v])−1 = S
c[v0] ⊗ v−1. Choose an F-basis b1, . . . , bn of v0
and write zj for the corresponding coordinate function on V0 determined by 〈zj , bk〉 = δj,k
(1 ≤ j, k ≤ n). As noted in Subsection 3.2 above, the formal power series in the variables
z1, . . . , zn correspond bijectively to the formal functions on v0. Since πτ = Id, the adjoint
τ : Sc[v]→ Sc[V ] of τ is injective.
By construction, the restriction, to Sc[v0], of the composite s ◦ τ : S
c[v]
τ
→ k
s
→ V then
takes the form
(s ◦ τ)(z1b1 + · · ·+ znbn) =
∑
ajz
j1
1 . . . z
jn
n , (5.9)
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the right-hand side of this equation being a formal power series having coefficients aj ∈ V0.
After a choice of basis β1, . . . , βm of v−1, the composite
πD : (S
c[v])0 = S
c[v0] −→ v−1 (5.10)
of the operator
D : (Sc[v])0 = S
c[v0] −→ (S
c[v])−1 = S
c[v0]⊗ v−1 (5.11)
with the projection to v−1 amounts to m formal power series Φ1, . . . ,Φm in the variables
z1, . . . , zn. As an S
c[v0]-comodule, the Kuranishi coalgebra Ck = H0(S
c
D[v]) is isomorphic to
the kernel of the map
Sc[v0]
∆
// Sc[v0]⊗ S
c[v0]
Sc[v0]⊗πD
// Sc[v0]⊗ v1. (5.12)
5.4. Classical case. Over F = R or F = C, under appropriate circumstances, by the Banach
implicit function theorem, in a neighborhood of zero, the formal power series (5.9) converges
and yields the inverse of the projection fromMk to its tangent space near 0; this inverse is a
map from a neighborhood of 0 in v0 to a neighborhood of 0 in Mk in the usual sense. This
observation applies, e.g., to the Kodaira-Spencer algebra, cf. Example 4.1 above.
5.5. Illustration. Consider the plane F2 with coordinates v and u. Let k be the differential
graded Lie algebra concentrated in degrees −1 and −2 having k−1 = F
2 and k−2 = F, with
differential d : k−1 → k−2 the projection to the second copy of F in k−1, that is, d(v, u) = u,
and with Lie bracket
[ · , · ] : k−1 ⊗ k−1 −→ k−2 = F, [(v1, u1), (v2, u2)] =
1
2(u1u2 + v1v2). (5.13)
For simplicity, we now identify in notation k and its suspension V . Then the identity
qB(v, u) = u
2 + v2 characterizes the corresponding quadratic map
qB : k−1 = V0 = F
2 −→ V−1 = B−1 = k−2 = F.
Thus v0 = ker(d) is the v-axis, v−1 = coker(d) is trivial, and the map (5.1) above comes
down to the real function J = d+ qB on V0 = F
2 given by J(v, u) = u+ u2 + v2.
The identity h(u) = (0, u) characterizes the corresponding homotopy h : V−1 = B−1 → V0,
the constituent of h on V0 being zero for degree reasons. The non-singular variety (smooth
manifold when F = R) Mk given by the equation J(u, v) = 0 is then the circle(
u+
1
2
)2
+ v2 =
1
4
, (5.14)
the tangent space T0Mk = v0 toMk at the origin is the v-axis, and the Kuranishi map (5.3)
now has the form
F : F2 −→ F2, F (v, u) = (v, u) + h(qB(v, u)) = (v, u+ u
2 + v2). (5.15)
Visibly, the restriction of F to Mk is the projection to the v-axis, i.e., to the tangent space
T0Mk = v0 to Mk at the origin. Over F = R, the classical recursion for the non-zero Taylor
coefficients a2, a4, etc., of u as an analytic function of the variable v close to the origin of
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V0 = R
2 reads
u = a2v
2 + a4v
4 + a6v
6 + . . .
a4v
4 + a6v
6 + . . .+ (a2v
2 + a4v
4 + a6v
6 + . . .)2 = 0
a2 + 1 = 0
a4 + a
2
2 = 0
a6 + 2a2a4 = 0
a8 + 2a2a6 + a
2
4 = 0,
(5.16)
etc., this recursion yields the familiar expression
u =
√
1
4
− v2 −
1
2
= −v2 − v4 − 2v6 − . . . , (5.17)
and the assignment to v of (v, u(v)) parametrizes the circle under discussion near the origin
of V0.
The power series on the right-hand side of (5.17), viewed as a formal power series, is a
special case of (5.9) above. Examining how the homological perturbation theory construction
of the twisting cochain (4.7) leads to that power series is instructive: Write b for the standard
basis element b = (1, 0) of the v-axis v0. In terms of this notation, H−1(k) = F〈s
−1(b)〉, the
1-dimensional F-vector space having the desuspension s−1(b) of b as its basis. By construction
τH(k)(b) = s
−1(b),
sτ1(b) (= s∇τH(k)(b)) = b = (1, 0) ∈ V0,
that is, the composite s ◦ τ1 : v0 → V0 coincides with the corresponding injection of the kind
∇ : v0 → V0 in the contraction (4.12). The recursion (4.4) translates to the recursion (5.16)
for the non-zero Taylor coefficients a2, a4, etc. of u as an analytic function of the variable v.
The recursion (4.4) entails that the non-zero Taylor coefficients a2, a4, etc. of u are members
of F (rather than of a suitable extension field).
Remark 5.2. The field F(v) of rational functions in the variable v is the function field of
the v-axis, viewed as an affine F-variety, the field F(Mk) of rational functions on Mk is
the Galois extension of degree 2 that arises by adjoining, to F(v), the roots u of the equation
x2+v2+x = 0, and the projectionMk → v0 corresponds to the field extension F(v) ⊆ F(Mk).
This kind of observation is, of course, valid under the general circumstances in Subsection
5.1 above: The projection Mk → v0 determines a Galois field extension F(v0) ⊆ F(Mk) for
the associated fields of rational functions. This observation implies that the formal Kuranishi
map cannot yield an ordinary morphism of F-varieties that is globally defined. It remains to
be seen to what extent this is relevant for deformation theory.
Appendix
Let U be an F-vector space.
Symmetric coalgebra. For j ≥ 2, the j-th symmetric copower Scj[U ] ⊆ U
⊗j of U is the
linear F-subspace of invariants under the canonical action, on U⊗j , of the symmetric group
on j letters.
The graded symmetric F-coalgebra cogenerated by U is the graded coaugmented subcoalge-
bra of the graded F-tensor coalgebra {U⊗j}j∈N cogenerated by U having F as its homogeneous
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degree 0 and U as its homogeneous degree 1 constituents and, for j ≥ 2, as homogeneous
degree j constituent the j-th symmetric copower Scj[U ] of U . The F-vector space U being
concentrated in degree 1, the canonical projection from {Scj [U ]}j∈N to U yields the requi-
site cogenerating morphism of graded F-vector spaces. Totalization yields the symmetric
F-coalgebra Sc[U ] cogenerated by U . For ℓ ≥ 0, the coaugmentation filtration degree ℓ
constituent Sc≤ℓ[U ] ⊆ S
c[U ] of Sc[U ] has, for j ≤ ℓ, as its homogeneous constituents the
homogeneous constituents Scj[U ] of S
c[U ].
Recall that the canonical diagonal map U → U⊕U induces an F-bialgebra structure on the
symmetric F-algebra S[U ] and that multiplication by −1 on U yields an antipode such that
S[U ] acquires an F-Hopf algebra structure. The canonical projection πU : S[U ]→ U induces,
via the universal property of Sc[U ], the canonical morphism S[U ]→ Sc[U ], cf. (3.1), of graded
F-coalgebras. This canonical morphism, viewed as an F-linear map, coincides with the F-linear
map that underlies the canonical morphism S[U ]→ Sc[U ] of graded F-algebras associated with
the canonical injection U → Sc[U ] and, since the ground field F has characteristic zero, this
morphism is an isomorphim of graded F-Hopf algebras.
As in Subsection 3.1 above, choose an F-basisB of U . The canonical morphism Γ[B]→ Sc[U ]
of F-coalgebras is an isomorphism, and the canonical map can : F[B]→ Γ[B] renders the di-
agram
F[B]
can
−−−−→ Γ[B]y y
S[U ]
can
−−−−→ Sc[U ]
commutative. The inverse of can: F[B]→ Γ[B] sends γj(b) to
1
j!b
j (j ≥ 1) as b ranges over B
and thereby introduces divided powers in S[U ].
Remark 5.3. The obvious forgetful functor from the category of general cocommutative F-
coalgebras, i.e., cocommutative F-coalgebras not necessarily endowed with a coaugmentation,
to that of F-vector spaces admits likewise a right adjoint [Swe69, p. 129 Theorem 6.4.3].
Write this functor as Σc. Consider an F-vector space U . The F-coalgebra Σc[U ] comes with a
canonical coaugmentation map, and Sc[U ] is the largest cocomplete F-subcoalgebra of Σc[U ]
cogenerated by U , but the two coalgebras do not coincide unless U is the trivial vector space,
cf. [BL85, Haz03]. For example, when U has dimension 1 and when z denotes the standard
coordinate function on U , the symmetric F-coalgebra Sc[U ] amounts to the coalgebra that
underlies the polynomial algebra F[z] (as noted before), whereas Σc[U ] comes down to the
F-coalgebra that underlies the algebra of rational functions in the variable z which are regular
at the origin. For general U , in [Swe69], see also [Mic80, p. 26, p. 51], [Mic03, Section 3 Note
p. 720], the F-coalgebra Σc[U ] is referred to as the symmetric coalgebra on U .
Formal tangent space. Let C be an F-coalgebra C, and let Coder(C) denote the F-vector
space of coderivations of C, endowed with the Lie bracket arising from the commutator of F-
linear endomorphisms of C. More generally, for a C-bicomodule B, we denote by Coder(B,C)
the F-vector space of coderivations from B to C.
A morphism C → Sc[U ] of F-coalgebras induces an Sc[U ]-bicomodule structure on C.
Recall that, in view of the universal property of the symmetric F-coalgebra Sc[U ] on U , the
cogenerating surjection Sc[U ] → U induces an isomorphism Coder(C,Sc[U ]) → Hom(C,U)
of F-vector spaces. In particular, the cogenerating surjection Sc[U ] → U of F-vector spaces
induces an F-vector space isomorphism Coder(Sc[U ])→ Hom(Sc[U ], U).
FORMAL KURANISHI PARAMETRIZATION VIA HOMOLOGICAL PERTURBATIONS 17
Now, the coaugmentation map η : F → Sc[U ] turns the ground field F into an Sc[U ]-
bicomodule, and we use the notation Fη for this S
c[U ]-bicomodule. The above observation
entails that the cogenerating surjection Sc[U ]→ U induces an isomorphism
Coder(Fη,S
c[U ]) −→ Hom(F, U) ∼= U
of F-vector spaces. Thus the F-vector space Coder(Fη,S
c[U ]) is canonically isomorphic to the
F-vector space of primitives in Sc[U ] relative to the canonical Hopf algebra structure of Sc[U ].
We refer to the space of primitives in Sc[U ] as the formal tangent space to U at 0. When F is
the field of real or that of complex numbers, this formal tangent space comes of course down
to the ordinary tangent space to U at 0.
Let Fε denote the base field F, endowed with the Hom(S
c[U ],F)-module structure induced
by the augmentation map ε : Hom(Sc[U ],F)→ F. The canonical map
Coder(Fη,S
c[U ]) −→ Der(Hom(Sc[U ],F),Fε) (5.18)
is an isomorphism. Under (5.18), a basis element of U goes to the associated operation of
partial derivative. This justifies the terminology “formal tangent space” to U at 0.
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